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1. By B, ={0,LA, >} we write the binary Boole algebra, where ' A ' is the modulo 2 sum and
'>' istheintersection. If {a; |iT I} isabinary family so that it has afinite support
KiliT 1,a =1 <¥
then it makes sense to speak about the modulo 2 summation of the elements of this family,
that will be written iTXI ;. Infact,
CALIf{i[iT 1 =3 |=2k+1
S T ot 61T s =1 =2

If 1 = N, then the meaning of this sum isthat of a convergent series. If the support of
this family to be summed is not finite, then the sum cannot be done and thisisthe sense of a
divergent seriesin thistheory.

The topology of B isthe discrete one.

2. Let x:[a,b] ® B, with the property that the set {t |tT [a,b],x(t) =1 isfinite. The left
integral and theright integral of x on [a,b), respectively on (a,b] isgiven by:

b b «
X= X X(X),) x= X XX
9( xi [a,b) ()g xi (a,b] )

3. A function x:[a,b] ® B, hasleft limitsif
"t1 (a,b],$x(t- 0)T B,,$e>0," xI (t- et)U(a,b],x(x) = x(t - 0)
and, in adua way, x hasright limitsif
"t1 [a,b),$x(t +0)T B,,$e>0," x1 (t,t +€)U[a,b), x(x) = x(t +0)
In the case that these properties are true, there are defined the functions x(t - 0) and
X(t +0) called the left limit and the right limit function of x.

4. Let x:[a,b] ® B, bewithleft limits and right limits (not equal, in general). In such cases,
we ask that in the points a and b, x hasaright limit, respectively aleft limit. The functions:
Dx(t) = x(t - 0) A x(t), D* x(t) = x(t + 0) A x(t)

are called the left derivative and the right derivative of x.

5 Lemmalf x:[a,b] ® B, hasleft limitsand right limits, then the sets
{t|tT (a,b],Dx(t) =3,{t|t1 [a,b),D* x(t) =1

arefinite.

Proof From the definition of the left limits and of the right limits, we have the existence of a
set of points
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a=ty<t;<..<t,=b
with the property that
T {L, 0 T (5l 1,t), X(X) = X(X)
and finally
{ttT (a,bl,Dxt) =31 {t;,...ta},{t|tT [a,b),D*x(t) =T 1 {tg,....tn- 1}

6. Remark The previous definition 3 may be extended at [a,b] ® Bg functions, n3 1. Inthe
paper, we shall consider thecase n=2.

7. A pathin B2 isafunction g:[a,b] ® B3, g=(g;,0,), that haseft limits and right limits.
The pathis called closed if ¢(a) = g(b) .

Theinverseof ¢ isdefined to bethepath g :[a,b] ® B%,

g ()=gl@a+b-t)

The reunion of the paths g:[a,b] ® B3, s :[b,c]® B3 that satisfy g(b) =s(b) is
defined by
igt),tT [ab]
{s(t),t1 [b]

The equivalence of the paths g:[a,b] ® B% and s :[c,d]® B% iswritten ¢ ~s and
is given by the existence of an increasing homeomorphism h:[a,b] ® [c,d] so that the next
diagram is commuitative:

gUs :[a,c]® B3, (gUs)(t) =

la, 5] —2 e, d]

N7

B3

8. Itiscalled Boolean form on B% afunction w: 822 ® F(BZZ,BZ) where we have noted
F(B3,B,)={f|f:B3® B,}
so that for any x, y1 B%,x: (%, %2), Y = (Y1, Y2),W isgiven by:

w(x)(y) =wi(x)> y1 A wa(x)> y2 Awz(x)> 10 Y2
We just mention that with the notation

F(B;.B,)={f|f:B]® B,}

the Boolean forms on B3 are functions B} ® F(BJ,B,).

9. Let the Boolean form w on B% and g:[a,b] ® B% be a path. Because the sets
{tItT (a,bl,wy(o(®))>Deg(t) =3 {t]tT [a,b),wy(c(t))>D* ca(t) =3
{t1tT (ab],wa(e(t)>Dg(t) =13 {t |1 [a,b),wa(c(t)>D* ca(t) =1}
{tItT (ab],wa(g(t)>Dey(t)>Dap(t) =3, {t |tT [a,b),wz(c(t)>D* ¢y(t)*D* gp(t) =3
arefinite — accordingly to lemma 5- there has sense the number
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b b b
QW= (9D * o1 A yv2(9) XD * g A (yva(9) XD * gy XD * g A

a a a
b, b, b,

A wi(9)Og A ) wa(9)*Dgy A () wa(g)xDgy XDy
a a a

all the six integrals from the right side being defined. It is called the curvilinear integral of w
along the path ¢.

10. Theorem @) If ¢~s, then
CgW=CsW
b) If ¢Us makes sense, then
Cous W= CgWA CsW

C W =0 .- W.

) 0o =0,
Proof a) Let g:[a,b] ® 822 and s:[c,d]® 822 be two paths for which there exists the
increasing homeomorphism h:[a,b] ® [c,d] with the property that it makes commutative the

diagram:
h
[a, 8] —He, &
x 7
B
The fact that there takes place
b . d .
0 Wi1(9)*Dg; = § Wy(s)>Ds;
a Cc

for example may be shown by taking into account the following equivalences, where to
u,u’,u"l (a,b] thereuniquely correspond the points v =h(u),v'=h(u'),v'=h(u")I (c,d]:

wy (o(u))>Deg(u) =10 $ut (a,u),” ul (u,u),wy(o(u))>(ea(u”) A ¢y (u)) =1

U $vi (c,v)," VT (V',v),wy(s(V)>(s1(v') A s1(v)) =1U wy(s(v))>Dsq(v) =1
b) We remark that if g:[a,b] ® B% and s :[b,c]® B% there take place the formulas that are
symbolized by:

cb cc, by, cy4

500 =0 A0

aa ba a b
c) Wehave g,g :[a,b]® 822 and the decreasing homeomorphism h:[a,b] ® [a,b] that is
given by h(t) =a+Db- t and makes commutative the diagram:
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Analoguely to the situation from item &), we can show that for any u,vi (a,b),
v =h(u), itistruefor example the equation:

Wy (g(u)) XD * gy (U) =wa (g (v)) xDa (V)

Thisisasothecaseif u=a, v=b and we can write;
b

(g >xD* g = . [>;,b) w (g(u)) XD * gy (u) = p éb)wl(g(u)) xD* gy (u) A wy(g(a)) XD * gy (a) =

a

= X wy(g (v)>Dgy (v)Aw(g (b)Dg; (b)

Vi (a,b)
b .
= X wi(g (V)Dg (V) =0 (g )xDg
Vi (a,b]

a
The other equations may be proved similarly.

11. Let w: B% ® F(B%,Bz) be aBoolean form. It is called exact if there exists f :B% ® B,
with the property that:
XTI B2 M1 () =wi (), T2 F (%) =wa (%), 1 F () = wz(x)
where { isthe notation for the Boolean derivative
T1f O, %2) = fOaALxp) A (g, %)
Tof Oa %) = O, X2 AD A (3, %)

T80 f (x4, X2) = (M2 f (%0, X2)) = T2 (T2 (¥, %2))

12. Remark The functions f : B% ® B, may be put under the form
f(x,%)=albsxqAcix Adix %
where a,b,c,d1 B, andthen, if w isexact, it is given — after following an identification
procedure —by:
Wi (X1, %) =bA d>x,
Wa (X, X2) =cA d>xg
w3(x,%2) =d
It is seen the validity of the formula:
lowg (3¢, X2) = Tawz (3, X2)(= d)
recalling the theory of the real functions (the closed real differentiable forms).
Conversely, if wq,wo, w3 arelike above, then w is exact.

13. Theorem The next statements are equivalent:
a) w isexact

b) for any closed path g:[a,b] ® 822, we have
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Cgw=0
c) for any paths g:[a,b] ® B%, s:[c,d]® B% with the same extremes
c(a) =s(c), ¢c(b) =s(d) we have:
CgW=CsW
Proof a) P b) There are two lemmas that we need.
14. Lemma Being given f :822 ® B, andthefunction g:(a,b] ® 822 with left [imits, there
takes place the formula:
Df (cy (1), ¢2(1) = 11 f (ca(t), €2 (1)) * Dea (t) A
AT (@u(1), 62(1)) *Dga (1) A 155 F (01.(1), 92 (1)) XDy (1) XD, (1)
This fact may be seen from the following equalities, that are valid for any
a,b,c,d, xq, %2, y1, Y21 Bo:
f(x,%)=albsxqAcix Adix %
1f (%, %) =bA dsxy, Tof (X, %) =cA d>xg

52 f (x4.%2) =d
P f(x, %) A f(y1,y2) =T f (0. %0) (A ) A T2 F (30, %0) > (Y2 A x0) A

AN (x,%2) X1 A 31) (y2 A x)
(identity easy to remark). Furthermore, by considering

(X1, %2) = (e1(t), c2(1))

(Y1, Y2) =(ea(t- 0),co(t- 0))
the statement of the lemmaresults.
15. LemmaLet x:[a,b]® B, with left limitsand right limits. It is true the formula of
Leibniz-Newton:

b b .
P *xA  Dx=x(a)A x(b)
a a

Proof Let the points
a=tg<t <..<t,=b
like in the proof of lemma 5,defined by the property that the values co,ol,...,cn,dl,...,dni B,
exist so that
X(tj)=c;,i=0,n
"XT (t,ti41),X(X) =dj4q,i =0,n- 1
We see that

b b .
P*xA ¢y Dx=(cgAd)A(Ady)A . A(ch.1Ady)A
a a

A Ac)A(dyAcy)A A, Ac,)=cyA c,=x(a)A x(b)
We may proceed now to prove theimplication @) b b) and from the hypothesis there
existsafunction f: 822 ® B, with the property that

"XT B, f (%) =wi(x), T2 F (%) =wa(X), 182 f () =w(x)
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We take some path g:[a,b] ® 822 with the property that g(a) = ¢(b) . We may write,
by using lemma 14 and its right dual:
Df (cy (1), c2(1) = 11 f (ca(t), €2 (1)) Dea (t) A
A 112 (@1(0), 02(1)) XD (t) A T2 T (9 (1), 92 (1)) XDy (1) XDy (1) =
=wy(eq(t), 2(1)) > Deg (1) A wa (g1 (1), €2(1)) > Do (1) A wa(ca (1), 02 (1)) * Dey (t) > Do (1)
D* f(e1(t), e2(t)) = wa(er(t), e2(1)) > D* g1 (t) A wo(cq (1), c2(1)) > D* go(t) A
Aws(er(t),62(1)>D* ¢ (1) D* g5 (1)

and from lemma 15:
b

b *
QuW=cP* F(9A ¢ Df(g)=Tf(g@)A f(gb)=0

b) b c) Letustake g:[c,d]® B% and s:[c',d'|® B% two paths satisfying the conditions:
) g(c) =s(c"),¢(d) =s(d’)
Wefix a<b and a'l (a,b) and choose the increasing homeomorphism h :[a,a] ® [c',d’]
respectively the decreasing homeomorphism hy :[a',b] ® [c',d'] that give the definitions
ai:[a,a]l® B%,aldzf gohy
def
ar:[a,b]® B%,az =sohy
Thereunion a =a,Ua,:[a,b]® 822 makes sense because
aj(a)=(cohy)(a’) =¢(d) =s(d") = (sohy)(a) =a,(a)
and it isaclosed path
a(a)=aj(a) =(coh)(a) =g(c) =s(c’) = (sohy)(b) =a,(b) =a(b)
By making use of the hypothesis, as well as of thefact that a; ~g,a,” ~s, wehave:
0=(a10a, W= Oy WA By W= Ong WA c‘)az_ W= OgWA W
c) b a) Let usput w under he form:
wi (1, %2) =8 A oxg Acioxp Adiox

where a;,b;,¢,di 1 B,,i =1,3 and we show, by choosing convenient pairs of paths
os:[abl® B% with the same extremes: g¢(a) =s(a), ¢(b) = s(b) that w is of the same
form like the one indicated in Remark 12. We shall use the notation C(x) :[a,b] ® B, forthe
characteristic function and let tT (a,b)

¢=(Ct,by-0)

s =(Cqt,p).0)
give, because the only non-zero derivativesare D* g; =cyy,Ds1 =cyyy,

CoW=wi(g(t) =2y, s w=wy(s(t)) =a Ay
sothat ay =a; A b and by =0.
This reasoning was written in table 1.
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g S The equation The conclusions Remarks
(C(t,07,0) Clt,p0) |am=aAb b =0 1)
O.ct b)) O.crip) |a2=aAc c, =0 )
(C(t,byD Crpd) |[Ag=aAbAgAd dy =0 (3) from (1)
(LC(t,n) Lepep) |2Aby=ayAbAc,Ad, d, =0 (4) from (2)
CopCab) | Creppcrep) mAaAaz=aAogAayAbAagAbsAcsAds | AbyAbsAcsAdy=0 ((9)
(Clat]Clat]) | (Clat) Clat]) |[mAcAayAbAagAb;AcgAd;=agAgha, |byAagAbgAc;Ad;=0(6)
¢ =a3 (7) from (5), (6)
(Cat]:Clat]) | (C[at]Clat)) [aAqAayAbyAagAb;AcgAdg=aAayAb, (qgAagAbyAcgAdy=0(®8)

by =ag

(9) from (5),(8)

¢ =b, (10) from (7),(9)
bsAczAdy=0 (11) from (6),(9)
(Clat):Crt.b]) (Crat]Cie ) [aAAayAagAcg=aqAa,Ab,AagAb; cAczgAb,Aby=0 (12)
by =c3 (13) from (10),(12)
d; =0 (14) from (11),(13)
Clanump Crt.b)| @cap) |[mAcAayAcyAagAcgAaAg=aAb, agAcgAb,=0 ]Srlsr)n?z<)t<n<b
c3=b3=0 (16) from (9),(13),(15)

Table 1
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