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Abstract

The asynchronous systems are the non-deterministic models
of the asynchronous circuits from the digital electrical engineer-
ing, where non-determinism is a consequence of the fact that mod-
elling is made in the presence of unknown and variable parame-
ters. Such a system is a multi-valued function f that assigns to an
(admissible) input u : R — {0,1}™ a set f(u) of (possible) states
x: R — {0,1}"™. When this assignment is defined by making use
of a so-called generator function ® : {0,1}" x {0,1}™ — {0,1}",
then the asynchronous system f is called regular. The generator
function ® acts in this asynchronous framework similarly with
the next state function from a synchronous framework. The par-
allel connection of the asynchronous systems f’ and f” is the
asynchronous system (f’||f”)(u) = f'(u) x f”(u). The purpose
of the paper is to give the circumstances under which a regular
asynchronous system f may be written as a parallel connection
of regular asynchronous systems.

1 Introduction

The theory of modeling the asynchronous circuits from the digital elec-
trical engineering has its origin in the switching (circuits) theory of the
50’s and the 60’s. By that time, researchers used the discrete time and
mathematics seemed to be uncensored. After 1970, instead of switching
theory (more exactly: instead of what we understand by switching the-
ory), the analysis of these circuits is made in general by engineers that
give approximate descriptions of the switching phenomena and draw pic-
tures instead of writing equations. In fact the implicit suggestion given
by the literature is that the real research is unpublished and a continu-
ation of the switching theory, interrupted 40 years ago, is necessary. We



have tried to do so and we have called this attempt the asynchronous
systems theory.

The asynchronous systems theory makes use of R — {0, 1} functions
(real time, binary values) that are not studied at all in literature (and
have never been) as far as we know. The 'nice’ R — {0, 1} functions are
called signals, making us think of the digital electrical signals.

The modeling of the asynchronous circuits is made in the presence
of unknown and variable parameters: the tension of the mains, the tem-
perature, the delays that depend on technology. We could have used for
this reason three valued signals R — {0, 1,2}, but we prefer the present
frame because of its algebraical advantages, the set {0,1} is organized
as a Boole algebra and as a field, unlike the set {0,1,2}. A certain price
must be paid however, determinism is replaced by non-determinism,
meaning that the systems working with R — {0, 1,2} functions may
be considered to be input-output functions, but the systems working
with R — {0, 1} functions must be considered input-output multi-valued
functions. Thus an input is a function v : R — {0,1}™, representing
the cause and a state=output is a function = : R — {0, 1}", represent-
ing the effect. The input is subject to certain constraints, not all the
signals R — {0,1}"™ are allowed to be causes and this is why it is called
admissible. The state is not unique, the system f assigns to u a family
f(u) of states x € f(u) that are called possible states; the unknown and
the variable parameters that accompany the switching phenomena and
f give us the certitude that when wu is applied, an element of f(u) will
result.

The meaning of regularity is that of giving a special case of system,
i.e. input-output multi-valued function, when a certain circuit is re-
ally modeled, since input-output multi-valued functions exist that model
nothing. The regular asynchronous systems are these systems f that are
‘generated’ by a so-called 'generator function” ® : {0,1}" x {0,1}™ —
{0,1}™ (or 'network function’ as Grigore Moisil called it; for Moisil a
‘network’ is a circuit identified with its model, the system).

The parallel connection of two systems f’ and f” is the system
(F'11f)(w) = f'(u) x f’(u) in which f" and f” act independently on each
other, but under a common input u. When f’ is generated by &' and f”
is generated by ®”, f'|| f” is a regular system also, which is generated by
a function denoted by ®'||®”. In ®'||®” some coordinates do not depend
on other coordinates. This suggests the idea of considering the converse
situation, when, from the fact that a system f is generated by the func-
tion ® and in ¢ some coordinates do not depend on other coordinates,
we can infer the existence of some systems f’, f” and of some functions
@ : {0,1}" x{0,1}™ — {0,1}™,®" : {0,1}"" x {0, 1}™ — {0, 1}"", such



that n'+n” = n, f’ is generated by @', f” is generated by ", & = ¢'||®”
and f = f'||f". Our present purpose is to study this possibility.

2 Preliminaries

Definition 1 The set B = {0,1} endowed with the usual algebraical
laws —, U, -, @& and with the order 0 < 1 1s called the binary Boole
algebra.

Definition 2 The characteristic function x4 : R — B of the set
A C R is defined by Vt € A,

1,te A
XA(t)Z{OtezA‘

Notation 3 We denote by Seq the set of the sequences ti, € R, k € N
which are strictly increasing to < t; < ty < ... and unbounded from
above. The elements of Seq will be denoted in general by (t).

Definition 4 The signals (or the n—signals) are by definition the
R — B" functions of the form

() = 1+ X(—o0t0) (£) D 2(t0) - Xito,t1) (1) D - @ (k) - Xittar) () @ oo (1)

where t € R, u € B" and (tx) € Seq. The set of the signals is denoted
by S™,

Definition 5 In (1), p is called the initial value of © and its usual
notation is z(—oc + 0).

Definition 6 The Cartesian product of the functions ' : R — B™
and " - R — B" is the R — B function denoted by (z',z"),
(@' (t), 2" (t)), &’ x 2" or ' (t) x 2" (t) which is defined by Vi € {1,...,n' +
n"} vVt € R,

, " B zi(t),1 € {1,...,n'},
@O O = it Sy

Notation 7 For any set M, we denote with P*(M) the set of the non-
empty subsets of M.

Definition 8 If X' € P*(S™)) and X" € P*(S™"), then their Carte-
sian product X' x X" € P*(S™+"")) is defined by

X' x X" ={(«',2")|2" € X', 2" € X"}.



Remark 9 The signals model the electrical signals from the digital elec-

trical engineering and R is the time set. The last two definitions of the

Cartesian product replace the usual definition of ¥’ X " as a R x R —

B" x B function with ' x 2’ : R — B"*"" because the time is

unique. We have suggested this idea in the notation of S™ which is

not S™, because the Cartesian product S x ... x S = S is taken a little
——

differently, in the sense of Definitions 6, 8. In such definitions we often
identify BY x B"" with B"*" and S™) x S®™") with S0+,

3 Asynchronous systems. Regularity

Definition 10 An asynchronous system is a multi-valued function
f:U — P(S™) U € P*(S™). U is called the input set and its
elements uw € U are called (admissible) inputs, while the functions
x € f(u) are called (possible) states.

Example 11 The identity function 1g : B — B is implemented in elec-
trical engineering by the delay circuit. Such a circuit may be modelled
by the system f : SU — P*(SM), called itself delay, which is given by
the double inequality

N w®<z)< |J u®,

geft—,t) geft—myt)

where T > 0 and u,x € SN, We have for example

f(X[O,oo)):{x‘xES(l) ﬂ XOoo U X()oo

geft—t) .EE[t 7,t)

= {z]2 € SU, X(ro0)(t) < 2(t) < X000 (1)} = {y X0 EXimoo |y € SV},

thus when the input is X[o,0), the state 1s 0 fort <0, it is uncertain in
the interval (0,7) and it is equal with 1 fort > 1. This system computes
VA € B the value 15(\) = X in at most T time units.

Definition 12 Let be the system f: U — P*(S™) U € P*(S™). The
function ¢o : U — P*(B™) defined by Yu € U,

$o(u) = {z(—00 +0)|z € f(u)}
15 called the inatial state function of f.

Definition 13 The binary sequence o : N — B" a(k) = o*,k € N
is called progressive if Vi € {1,...,n}, the set {k:|k: € N,aof is
infinite. The set of the progressive sequences is denoted by I1,,.
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Definition 14 The function p : R — B" s called progressive if it is
of the form

p(t) = 0 X (1) B o ® 0 X (1) B . 2)

with a € I, and (tx) € Seq. The set of the progressive functions is
denoted by P,.

Definition 15 Let be the function ® : B® x B™ — B". For anyv € B",
we define the function ®¥ : B™ x B™ — B" by Vu € B", VA € B™,

(I)V(,ua )\) = (V_l 2l D q)l(,u7 )\)7 aV_n * Hn Dy - q)n(,ua >\))

Definition 16 For all p € P, like in (2), the function ® : B™ x S™ x
R — B" is defined by Yu € B",Yu € S(™ Vt € R,

PP (p, Uy 1) = W_1 * X(—o0,te) (t) @ Wo = Xto,tr) P - B Wh * Xt rtrss) © -

where the family wy, € B" k € N U {—1} is given by

wW-1 = H,

k41
(

W1 = P Wk, U<tk+1))-

Definition 17 The system Zg : S™ — P*(S™) defined by Vu € S,
E@(’U) = {q)p(,u?ua )‘:u S Bnap S P"}

15 called the universal regular asynchronous system that is gener-
ated by the function ®.

Definition 18 A system f : U — P*(S™), U € P*(S™) is called
regular if © exists such that Yu € U, f(u) C Z¢(u). In this case the
function ® is called the generator function of f and we use to write
fC=s.

Remark 19 The asynchronous systems, as defined by us at Definition
10, represent a very general concept and such a multi-valued function
may model nothing. The meaning of the reqular asynchronous systems
from Definition 18 is that of indicating a condition so that f really models
a circuit, namely the circuit that implements the function ®.

For v € B", the function ®” computes in Definition 15 the coordi-
nates ®;(p, N),i € {1,...,n} like this: if v; = 1, then ®¥(u, \) = ®;(u, \)
thus ©;(u, \) is computed; if v; = 0, then O (u, \) = p; thus ©;(u, \) is
not computed. The property of progress of the function p, Definitions 13,
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14 assures in ®°(u,u,t) from Definition 16 the fact that the generator
function ® (which is not unique in general for some f) is computed in the
following way: Vi € {1,...,n},Vt € R, Itpy1 > t such that D;(wg, u(trs1))
1s computed. This philosophy is different from the one of Fxample 11,
where the value of the function 1g was computed in at most T time units.
The terminology "universal’ referring to the reqular asynchronous sys-
tems means maximal in the sense of the inclusion from Definition 18.

Theorem 20 a) If f C Z¢, then the function ™ : A — P*(P,) exists,
A= {(pu)lue U pe po(u)} (3)
such that Yu € U,
fu) = {2 (p,u, )| € do(u), p € 7(p, )} (4)
b) If ™ exists such that (3), (4) hold, then f C Zg.

Proof. a) Let u € U be arbitrary. From the fact that f C Z¢ and
f(u) # 0 we infer that Yu € ¢o(u), the set {p|p € P,, ®?(u, u,-) € f(u)}
is non-empty. We define A by equation (3) and 7 : A — P*(P,) by
V(p,u) € A,

m(p,u) = {plp € P, ®"(p1,u,-) € f(u)}.

(4) is fulfilled.
b) Obvious. =

Definition 21 For the reqular system f C Zs, the function m previously
defined is called the computation function of f.

4 Parallel connection

Definition 22 Consider the systems f' : U — P*(S™), f" : U" —
P*(SCN, U, U" € P*(S™) with U' nU" # 0. The system f'||f" :
U'NU" — P(S™*"") defined by

Vu e U'NU", (fI[f")(w) = f(u) x f"(u)
is called the parallel connection of the systems f' and f”.

Remark 23 The parallel connection of two systems f' and f" is the
system that represents f', f" acting independently on each other under
the same input uw € U' NU".



5 The parallel connection of the regular systems

Notation 24 Let be ' : B” x B™ — B" and & : B” x B™ — B"',
for which we denote by ®'[|®" : B+ x B™ — B"*"" the function
V(i 1), A) € BYH x B™,

(L)' 1) A) = (D(1, A), D" (", N))-

Definition 25 The function ® : B"xB™ — B" is given. The (Boolean
partial) derivative of ®; relative to p;, i,j € {1,...,n} is the function

0P, .
o B" x B™ — B given by V(u, \) € B” x B™,
Hj

0P, _
alu(:u’ )‘) = (I)i(,ula ooy Mgy eeey Hins >‘) ©® (I)i(:ub ooy Mgy s i )\)
J

Theorem 26 We consider the functions ® and ®”. The following
statements are true:
i) V(p,A) € BV x B™ Vi€ {1,...,n'},Vj e {n +1,....n +n"},

(CI)/HCI)”)i(,Ub ooy bty ey Mgy ooy B/ 4mt?s >\) =
= <©/H(b//>i(ﬂ’17 “eey Mt "’Jl’l’_j7 ooy Mot gt )‘)7
Y(p,A) € BV x B™ Vi€ {n' +1,..,n' +n"},¥j € {1,...,n'},
((I),||q)ll)i(ﬂl7 ooy Mgy ooy Hn/ 415 o5 o/ 4m?7s )‘) =

= (q)/H(b//)i(,ulv "’Jl’l’_j7 ooy /415 <05 o/ 4n/7 )\>7
i) Y(p, ) € BV x B™,

O(®'][");

Vie{l,..,n'},Vje{n +1,..n +n"} i (u, N) =0,
J
d'|| D).
Vie{n +1,..,n +n"},Vje{1,...n'}, %}L)l(u, A) =0;
J
i) V(u, A) € BYH x B™,
((I)/H(I)”)l(:u’ >‘) = q)ll(:ula ey Ut >‘)7 (5)
(@N@”)m(ﬂ, )‘) = (ﬁ;ﬁ(l’l’l? w0y M/ )‘)7 (6)
<(I)/||CI)//>TL’+1(:U’= )‘> = CI)/1/<MTL’+1= w0y /4! )‘>= (7)
(D[ Q") (s A) = Lo (Horr 1 s oy mrs ). (8)



Proof. V(u,\) € BY+*"' x B™ Vi€ {1,..n'},\Vj € {n' +1,..,n +
n//}7

(CI),H(I)”)i(,Ula ey Uty ey Higs eey Hn? 47 )\) = (I);,(:ula “eey Ut )\) =

— ((I),H(I)”)i(,ul’ veey Mt ...,;Tj, eeey Ut )\)
i.e. the first part of i) holds true or, equivalently:

0(2']| @),

9 (ILL’A) :@;(le“’un”)‘)@(I);(/Llw”’:un’?)‘) =0
Hj

i.e. the first part of ii) holds true. When i runs in {1,...,n'}, (5),...,(6)
are true themselves. m

Lemma 27 For any p) € Py,p" € Py, the function p/ x p” : R —
B+ is progressive and it belongs to Py .

Proof. We presume (without loosing the generality) that
Pt)=0a" Xy () ® ... ® ™y (t) B ... (9)

p”(t) —a'°. X{to}(t) D...D L X{tk}(t) PD... (10)
with o/ € Iy, " € TI,,» and (t3) € Seq. We infer

(050" (0) = (5 (£), 9"(8)) = (0%, &) x 1y (BB, @) 3 ().
The function p’ x p” is progressive because Vi € {1,...,n'}, the set

{k|k € N, (o*, a"*); = 1} = {k|k € N, = 1}
is infinite and Vi € {n’ + 1,...,n" + n"}, the set

{k|k € N, (a* a"*); = 1} = {k|k € N, /* = 1}
is infinite too. =
Theorem 28 The functions ® : B¥ x B™ — B", & : B* x B" —
B"' are given. For any p' € Py, p' € Py, p/ € BY, " € B"', u € S
and any t € R we have

(@[] @) (1, "), uyt) = (D (1w, 8), @7 (1", u, 1)),



Proof. We suppose that p',p” are like at (9), (10) and Lemma
27 shows that p’ x p” is a progressive function from P, ,~, thus the
statement of the Theorem makes sense.

For p' € Py, p" € Py, t/ € BY, i € B”  w € S™ and t € R we
can write

(D)7 (s 1) s ) = Wt = X(—oot) (B)

Bwo * Xto,t1)(t) B oo ® Wk * Xftg,tra) (E) © ...
where Yk € NU {—1},w, € B"*" and

W-1= (:u/mu”)7

W1 = ((I),‘ |(I)”)(a,k+1’a”k+1)(Wk, u(tk+1)).
We denote by wj, € B™,w{ € B" the first n’ coordinates and the last
n” coordinates of wy and we remark that Vk € N U {—1},

(w/—l’ wzl) = (:u/a ,u”)7
alk+1 allk+1
(Whats i) = (|2 (wh, w), ultir) =
= (@) (wh wh), ultn)) =
= (& (who ulthin)), @ (W ultei))

thus (wy,), (wy) fulfill
(I)/p' (:U’/v u, t) = u)/—1 ' X(*007t0)<t) D (,U6 ' X[to,tl)(t) D..D wllc : X[tk7tk+1)(t) D ...

q)//pﬂ(l/,’ u,t) =w’, 'X(*oo,to)(t) Duwy - X[tmh)(t) ... Owy - X[tk,tkﬂ)(t) D...

The conclusion is that
(@/“@//)P'XP"((M/7 M//)’u7 t) _

= (w/—b w/—,l)'X(*OO,to)(t)@(w(l)’ w(,)/)'X[to,h)(t)@'“@(w;c? wlZ)'X[tkikﬂ)(t)@'” =
= ("' (1, u,t), D" (1", u, t)).

Notation 29 We suppose that the systems f' : U' — P*(S™)), f" :
U" — P*(S™)N, U, U" € P*(S™) are reqular i.e. f' C Zgr, f" C Zgqn.
Let ¢y : U — P*(B"™), ¢ : U" — P*(B™) be their initial state func-
tions and 7w : A" — P*(Py), " : A" — P*(P,») be their computation
functions,

A= {( W)l e U, 1" € go(u)},
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N = (' € Ui € ().
IfU'NU" # 0, then we use the notations ¢ : U' N U" — P*(BY ),
) A||A" — P*(Pyynn) for the functions Yu € U' NU",

&)i(u) = ¢p(u) x ¢g(u)
and respectively
ANA" ={((W, 1), w)lu € U'NU", 1" € ¢p(u), 1" € ¢g(u)},

V(W' 1), u) € A[A7,

(s 1) u) = 7' (' ) (' w).
Theorem 30 If f' C ZE¢/, [ C ZE¢v and U' NU" # 0, then f'||f" C

Egrjor, its initial state function is ¢ and its computation function is m)|.

Proof. We prove first that the initial state function of f' x f" is ¢, :
YueU NnU”,
{z(—00 +0)|z € (f|lf") ()} =
= {('(=00 +0),2"(—00 + 0))[(z",2") € f'(u) x f"(u)}
= {(2(—00+0),2"(—00 + 0))|2" € f'(u),2" € f"(v)}
= {2'(—00 + 0)[2" € f'(u)} x {z"(—00 +0)[z" € f"(u)}
= ¢p(u) X ¢p(u) = ¢y (u).
We infer Vu € U' N U",
() ) = f(u) x f'(u) =
= {7 (i, u, )| € ¢h(u), p' € 7' (1, u)} X
) A" (", )| € g (w), p" € 7 (1 u)} =
= {(®"” (1, u, ), @ (4" u, )]
W e dp(u), 1" € ¢g(u), p € 7'(p' ), p" € 7" (1", u)} =
= {(®" (1, u, ), & (4" u, )]
(W', 1") € go(u) X d(u), p" x p" € w'(p' u) x 7" (u" u)} =
= {(®"” (1, u, ), @ (4" u, )]
(W', 1") € ¢y(w), p" x p" € my((W', "), u)} =
B ([ R (ZRTORT]
(' 1) € gy(w), p x p" € my (1, 1), )}
We apply Theorem 20 b). =
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6 The decomposition of the systems as parallel con-
nection of systems

Theorem 31 The function ® and the numbers n’,n"” > 0,n' +n" =n
are given. The following statements are equivalent (see Theorem 26):
i)V(p,\) e B" x B" Vie{l,..,n'},Vje{n +1,..,n},
¢’i<l’l’17 ooy Moty vens gy eens fhn, )‘) = @i(lulv ooy U s "'nu_ja “ees My )‘)7
V(p,A\) € B" x B™ Vie {n'+1,...n},Vje{l,..,n},
(I)i(:ula sy Mgy ey U/ 41y -5 My >‘) = (I)i(:ub "'a,u_j7 ooy M/ 15 -5 s >‘)7
it) ¥(u, ) € B" x B™,

®;
Vie{l,..,n'},Vje{n +1,..n} a—(,u, A) =0,

O
P,

Vie{n +1,..,n},Vje{l,..,n'}, g—ul(lu, A =0;
J

i) the functions ® : B” x B™ — B", ®" : B" x B™ — B"" euist
such that V(u, A) € B" x B™,

@1(”, )\) = (I)/1<[L1,...,/,Ln/’)\), (11)
q)n’(,u?)‘) = q);z’(,ula "'nun’?)‘)a (12)
(I)n’—l—l(:ua >‘) = (I)/I/(Nn’-&-l?""ﬂn’-i-n”’)‘)’ (13>
D@y (N» )‘) = (I);/L” (:un’-i-l? ooy M/t >‘) (14>

Proof. i)<=1ii) is obvious.

i)==iii) From the fact that V(u,\) € B" x B™ Vi € {1,...,n'}, we
have

CI)Z'<[1,1, ...,,un/,O, ceey 0,0) = <I>7;(,u1, ceey Unty 0, cery 0, 1) =
= <I>i(,u1, ceey Unt s 0, ceey 1, 0) = CIJi(ul, ceey Unty 0, ceny ]_, 1) = ...
e = CI)Z'<[1,1, ooy Uty 1, ceey 1, 1),

we infer the existence of ' such that (11),...,(12) are true.

iii)==1) From the existence of ®" such that V(u,A) € B" x B™,
Vie{l,..,n'},Vje{n +1,..,n},

@i(lulv ooy s eeey Mgy oeey iy )\) = @2(;},17 “eey Ut s )‘) =
= (I)i(,ub ooy s "'nu_ja oy Hns >\)7
we get that the first part of i) is fulfilled. m
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Definition 32 If one of the previous properties i), ii), iii) is true, we
say that the coordinates ®q,...,®,, do not depend on i1, ..., i,
and that the coordinates ®,,,1,...,P,, do not depend on 1, ..., i, .
The coordinates {1,...,n'} and {n' +1,...,n} are called separated. We
also say that {1, ...,n} accepts the ®—partition {1,...,n'}, {n'+1,...,n}.

Theorem 33 We suppose that 1, ..., P, do not depend on pipr i1, ..., iy
and that @,/ 4, ..., ®, do not depend on piy, ..., . Then the functions
d':B” x B™ — B", & : B" x B™ — B"" euist such that & = &'||d".

Proof. From Theorem 31 iii) we have the existence of ®',®"” such
that (11),..., (12), (13),..., (14) are fulfilled. We denote by ', u” the first
n' coordinates of p € B™ and respectively the last n” coordinates of p.
We have V(u, A) € B" x B™,

(', 1"), A) = (21 (1, ") A)s -
ooy P (1 1)y A)y Prrd (1, 1), ), s @ (1, 147), A)) =
= (U1, A), ey Do (1, A), RT(RT ),y R (1, A)) =
= (2'(W, A), " (", A)) = (P]|2") (1, "), A).-
|

Notation 34 Let be the system f C Z¢, where ® : B" x B™ — B”, f :
U — P*(S™) and Yu € U,

f(u) ={®(p,u, )| € do,p € w(p,u)}.

We suppose that n',n” > 0,n' +n"” = n are given. Then we denote by
¢y U — P*(B"), ' : A" — P*(P,) the functions Yu € U,

¢/0(u) = {(:ub "'a,un')‘:u € ¢0(u)}’
A'={(,u)lue U u' € ¢y(u)}
and respectively V(i ,u) € A/,
W/(M/’u) = {(,017 ---;/)n’)Elﬂl/ S BTLNJ (#’/JILLN) € ¢0(U),p S W((M/,ILLN), 'LL)}

The functions ¢ : U — P*(B""), 7" : A" — P*(P,) are obviously
defined in this moment.

Notation 35 If Vu € U, Vu € ¢o(u), Vo' € o'(1,u), Vp" € 7" (1", u),
dp € w(p,u), Vt € R,

(I)ﬁ(:u’ u, t) = q)plxp”(:u7 u, t)?

then we denote Yu € U,V € ¢o(u), m(p,u) ~ 7' (@', u) x 7" (u",u). ©', 7"
are the previous ones, |, p' are the first n' coordinates of i, p and p”, p"
are the last n” coordinates of u, p, where n' +n" = n.
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Remark 36 We can see that Vu € U, ¢g(u) C ¢p(u) X ¢p(u) and Yu €
UNp € ¢o(u), m(p,u) C o' (@, u) x 7”(1”,u) hold.

Theorem 37 The regular system f C Z¢ is given and we suppose that
the functions ® : B" xB™ — B™, & : B" x B™ — B"" exist such that
n',n” > 0,n +n" =n and Yu € B", Y\ € B™, the equations (11),...,
(12), (13),..., (14) are fulfilled. Then ® = ®'||®"” and the systems ' c
B, [ C Egr defined by f': U — P*(S™), 7. U — P*(S")),Vu €
U,
flu) ={2" (W u, )| € dy(w), p" € ' (1, u)},

f”(u) — {q)//p”(u// u, ')‘NN c gb”(u),p” c W//(;L”,u)}
satisfy f C f'||f". If Yu € U, gbo(u) op(u) X ¢g(u) and Yu € U,Yu €
Go(u), m(p, u) = o' (', u) x 7 (u", u), then we have f = f'[| f".

Proof. The fact that & = &'||®” results from Theorem 33. We
denote like previously with p/, u” the first n’ coordinates of y € B™ and

the last n” coordinates of p and the notations are similar for p’, p” and
p € P,. We have Yu € U,

fu) = {27 (1, u, ) |1 € go(w), p € m(p,u)} =
= {(@'[[®")"" (W', "), u, ) e € polw), p € w(p,u)} =
(@ (), @ (")) | € Golw), p € (pu)} C
C (@ (i u,-), @ (" u, )|
(1, 1") € ¢h(u) x ¢g(u), p' x p" € 7' (s u) x 7" (p"u)} =
= {7 (i, u, )| € ¢h(u), p' € 7' (1, u)} X
@ (1, | € G, o € ()} =
= f(u) x f'(u) = (fIf")(u).
The second statement of the theorem is obvious. m
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