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1. Introduction

The study of the R® B, functions has its origin in modeling the electrical signals
that characterize the switching circuits. The models are called asynchronous automata.
Independently on these interests, there have been defined for the R® B, functions,

by analogy with the real analysis, some basic notions (derivatives, integrals) and such results
have been published in the previous issues of the Annals.

Continuing these ideas, our present purpose is to define and characterize the
convolution product.

2. Preliminaries

21 B, ={0,} isthe binary Boole algebra with the discrete topology. We shall take in
consideration its field structure, relativeto ' A *, themodulo 2 sum and '3*, the intersection.

2.2  Thesupport set of x: R® B, isdefined by:
supp x={t[tT R, x(t) =1
For some y: R® B, we have
supp (x A y) = supp x D'supp y
supp (x> y) = supp x U supp y
23 Iffor Al R,theset AUsupp x isfinite, there is defined the modulo 2 summation:
X x(x)=}li_f |AL“Jsuppx|i.sodd
X A 10,if | AUsupp x|iseven
Here, AU supp x =/ isconsidered to be a special case of finite set and 0=|&| is
considered an even number.
24  For Bl R afinite set, there is defined the number:
1Lif |Blisodd
10,if |B|iseven
The binary function n ¢ is called the finite Boolean measure. Itsimportance is given by the
fact that

mg (B) =

X x(x) = ¢ (AUsupp x), AU supp x isfinite
XA

and let us remark also the additivity:
n{(BDC)=n; (B)An;(C),Ci R,C isfinite
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25  Thesymmetrical intervalsare definedby
[[a,b)) =[a,b) U[b,a)
((a,b]] =(a,b] U(b,a],a,bl R

2.6 @) Intheabove definition

-if a® b, then exactly one of [a,b),[b,a) , respectively one of (a,b], (b,a] isnon-
empty

-if a=Db, then both [a,b), [b,a) , respectively (a,b], (b,a] are empty

b) 2.5 gives the first example of duality in thistheory.

2.7  Wedefinetheintegrals (=binary numbers), for a,bl R and x: R® B,
b b,
A X=X X(X) A X=X X(X)
g X [[a,b)) g X ((a,b]]

called the left definite integral, respectively the right definite integral of x from a to b.

2.8 Itisof interest the case whenin 2.7 a isafixed parameter and b =t isthe variable.
We get the left and the right primitives (= R® B functions):
) t . t,
0O XH=0 x 0 X®)=0 x

a a
defined up to an additive constant, since it may be easily proved that:
t t a t, t, a,
O x=0 xAQ x O x=0 xAQ x
a a' a a a' a
2.9  Thereare obvious the conditions of existence (see 2.3) of:
b. b,
a O X0 x:{tlth (min(a,b), max(a,b)), x(t) =1 isfinite
a a
- =+ ~ R
b) 0 X0 X:"abl R,(a,b)Usupp x isfinite
¥ ¥,
0 O X=(Q X= X X(X):supp x isfinite
v X R

210 Thelimits: left x(t - 0), right x(t + 0) and the derivatives: left D™ x(t) , right D ¥ x(t)
of x:R® B, arethe R® B, functions defined by:

"tT R$x(t- 0)T By,$e>0," x1 (t- e1),x(x) =x(t- 0)

"t R$x(t+0)T B,,$e>0," xI (t,t +€),x(X) = x(t + 0)

D~ x(t) = x(t- 0) A x(t) D x(t) = x(t +0) A x(t)
211 We shall use the following notations:
1Lif tT A -
calt) :ijc;lif o Athe characteristic function of theset Al R
1Y

d(t) = c(q (1)
h™ (1) =cpoy) ). h" () =cy g ®).tT R
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3. The Definition of the Convolution Product

31 Let x,y:R® B, betwo functions having the property that for any tT R, the
functionsin x:
hy (%) = x(x) > y(t - X)
areintegrable, in the sensethat supp h; isfinite, see 2.9 ¢). We shall call the convolution
product (or the product of convolution) of x and vy, in this order, the functionin t:
def ¥ _
(x*y)t) = O x()xy(t- x)= X x(x)*xy(t- )

y X R

where the integral istaken relative to x.

3.2  Weareinterested now to show some possibilities when the convolution product exists
and we define for this purpose the next spaces of functions x: R® Bs:

Iy ={x|supp xis finiteg} , the integrable functions

| Loc ={x|" a,bl R,(a,b) Usupp xis finite} , the locally integrable functions (also called the
functions with locally finite support)

B ={x|%a,bl R,supp x| [a,b]}, the functions with bounded support

B, ={x|$al R,supp x1 [a,¥)}, the functions with inferiorly bounded support
Bs ={x|$bT R,supp xI (- ¥,b]}, the functions with superiorly bounded support
BiLoc ={X|" al R,(-¥,a] Usupp xis finite}, the functions with locally finite inferiorly
bounded support
Bs,Loc ={X]" al R,[a,¥) Usupp xis finite} , the functions with locally finite superiorly
bounded support
3.3 Therearetrue:
ly =1 oc UB, B=B; UBg
BiLoc =!Loc U Bi, BsLoc = ! Loc U Bs

All these spaces of functions are algebras relative to the sum ' A ' of functions, the
product '>* of functions and the product ':" of functions with scalarsfrom B,.
3.4  Theorem In any of the following situations:

a) X:R® By, yl ly

b) XT 1o, yl B

c) xI BivyT Bi Loc

0)* xI Bg, Yl Bgoc
the convolution products x* y, y * x exist.
Proof We must show that the functionsin x:

hy (%) = X(X) > y(t - X), Gt (X) = X(t - X) > y(X)

have afinite support for any tT R.

a) If yI 1y, thefunctionin x: y(t - x) belongsto |y for any t and the set

supp hy =supp x U{x | y(t- x) =J 1 {x|y(t- x) =3
isfinite. supp g; isobviously finite.
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b) If yI B, thefunctionin x: y(t - x) has abounded support and from the definition

of the locally integrable functions, we get the existence of some a,bT R so that
supp hy =supp x U{x|y(t- x) =31 suppx U[a,b]

isfinite. On the other hand, if x| | o, thefunctionin x:x(t- x)I 1 etc.

o If yl Bi Loc. thenthefunctionin x: y(t - x) belongsto Bg | oc and if the numbers
a,b; satisfy:

X(x)=1pb x3% a
y(t- x)=1b x£Dby

then h; (x) islocally integrable (because of y(t - x)) with the support included in [a,b;] i.e.
it has afinite support, being integrable.

On the other hand, if x| B;, then thefunctionin x: x(t - x)| Bg etc.

4. The Properties of the Convolution Product

4.1  The convolution product is commutative:
(x*y)t) = X x(x)>y(t- x)= X x(t- x)>y(x)=(y*x)(t), where t - x=x
X R xI R

42 Let x,y:R® B, withthe property that
-x*y exists
- $a,b sothat supp x1 [a,¥),supp y1 [b,¥)
see 3.4 c). Then: .
supp (x* y) | [a +Db,¥)

Proof We define y: ‘R® B», yf(x): y(t - x) and we get
supp Yy 1 (-¥,t- b]
{X|x(x) xy(t- x) =1} =supp x Usupp y; 1 [a,¥) U(-¥,t- b]=[a,t- b]
aft-bU t3a+b
43 For x,y:R® B,, wesupposethat x* y exists. The next formulais true:
(x*y)(t)=m¢ (suppx” RUR™ supp y U{(x,x') [x +x'=1})
Proof (x*y)(t)= X x(x)>y(t- x)= X X(X)>y(X)=
X R x+x1 R

=ms (X X) [x(X) =1& y(xX') =1& X+ X'=t}) =
=m¢ (suppx” RUR™ supp y U{(x,x') [x +x'=1})
44 @) For x:R® By and d; (t) =d(t - t), wehavethat d; * X, x* d; exist and
(di *xX)(t)= X di (¥)>x(t- x)= X d(x)>x(t- x)=x(t- t)
X R X {t}
b) d* x, x* d alwaysexist and d isthe neuter element of *:d* x=x* d=x.

45 Let x,y,z:R® B, withthe property that x* z and y* z exist. Then (xA y)* z
exists and the property of distributivity is true:
(xAy)*rz=x*zA y*z
Proof (x* 2)(t) A (y* 2)(t) =
=n¢(supp x” RUR” supp zU{(x,x') |x+x'=t}) A
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Anm¢(suppy” RUR’ supp zU{(x,x) |x+x=t}) =
=n¢(supp x” RUR” supp zU{(x,X') |[x+X'=t} D
Usuppy” RUR’ suppzU{(x,x') [x+Xx'=t}) =

=m¢ ((suppxDsuppy)” RUR’ supp zU{(x,X') [x +x'=t}) =

=n¢(supp (XA y)" RUR” supp zU{(x,x') |x+X'=1t}) =

=((xA y)* 2)(t)
46  Wesupposethat x,y: R® B, satisfy the property that x* y, y* z, (x* y) * z,
X* (y* z) aredefined. Then the associdtivity is true:

(X*y)*z=x*(y* 2)
Proof ((x*y)*2)(t) = X (x* y)(x)>z(t- x)= X X x(w)>y(x- w)>z(t- x) =
X R X Rw R

= XX x(w)ry(x-w)rz(t- x)= XX x(w)>y(x')>z(t- x'-w) =
A R w Rxl R

=W2<R x(w) > (y* 2)(t- w) =(x* (y* 2))(t)
the sum being always defined, accordingly to the suppositions from the hypothesis.

4.7  Remark In the hypothesis from 4.6 (see also 4.3):
(x*y*2)(t)=n;(suppx” R RUR  suppy” RU
UR™ R” supp zU{(x,x',x") |X + X'+X"=1})

4.8 Example Let x,yT ly,z:R® By.Wehave:

x(t):_; dit- t;)
i=1

m -
y(©)= X d(t-j j)
j=1

n m _ n m _
(x*y)t) = X (X d(x-tj)xX dt-]j-x)=X Xd(t-tj-]j)
X Ri=1 =1 i=1j=1
n m n m
(x*y*27)(t)= X (X X d(x-tj-]jj)xzt-x)=X X z(t-tj-] )
X Ri=lj=1 i=1j=1

5. The Convolution Product of the Periodical Functions

51 Thefunction x: R® B, isperiodical if
$t>0,"tT R, x(t) =x(t- t)
Any such t iscalled period of x and the smallest t like aboveis called the principal
period of X.

52 @& Thetwo R® B, constant functions do not have a principal period.
b) If t isaperiod of x,then nt,n3 1 isaperiod of x.
¢) The functions:
x(t)= X dt- zt)
417

YO= 2 Clazt 2znyy O
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are periodical, of period t .

53 If x:R® By,x* 0 isperiodical of period t >0, then supp x is superiorly and
inferiorly unbounded.
Proof Let a sothat supp x1 [a,¥), in contradiction with the conclusion. Thereexists t 3 a

and ni N sothat
t- nt<a
1=x(t)=x(t- nt)=0
contradiction.

54 Inly,l o, B,Bj,Bs,Bj|ocsBsLoc, theonly periodical functionis x =0.

55  Thereexist the non-null functions x, y with the property that the product x* y is
defined and
X*y=X
Proof If x isperiodical of period t and y =d;, then (see also 4.4 a)):
(x*dg )(t) = x(t - t) = x(t)

56  Thereexist the non-null functions x, y with the property that x* y isdefined and
x*y=0
Proof Let x be periodical of period t . We have:
(O¢* (de A dig ))(0) = (x* dpg J(O) A (x* g (1) = x(t - nt) A x(t- mt) =x(t) A x(t) =0

5.7 Let x beperiodical withtheperiodt and y sothat x* y exists. Then x* y is
periodical, of period t .
Proof (x*y)(t- t)=(d; * (x* y))(t) = ((dy * x)* y)(t) = (x* y)(t)
5.8  Aswe have seen before, the convolution product has a neuter element, whichis d.
The search of aninversefor x relative to the convolution product means looking for some
x~ 1 with the property that

x*x =x1+x=d
We have the following
Theorem The periodical functions x* 0 do not have an inverse relativeto * .

Proof Accordingly to 5.7, x* x~ 1= d should be a periodical function, but thisis not the case.
6. On the Inver se Relative to the Convolution Product

6.1 Example 1 We shall construct the inverse of
X(t) =c{12468..} (1)
helped by the following table:

*11 2 4 6 8
-1/0 1 3 5 7%
0|1 2 4 6 8
112 35 % 9
3|4 5 7 9 11
table 6.1
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Thefirst row contains the support of x and the first column contains the support of
x L tobe computed:

x 1) =cq 10133 (1)
The rest of the elements of the table are obtained by the summation of the
corresponding points of the first row and the first column.
We have also indicated that the alike terms are reduced. We shall show now the way
that the first column was obtai ned.
From

Ox* X7 H)(t) = d(t), supp (x* x” 1) ={0}
the element -1 results from the fact that the sequence {1,2,4,6,8,...} summed term by term with
-1 (trandation with -1) contains 0. More exactly, the second row of the table is given by:
{1,2,468,..} - 1={01,357,...}
C{12468.} * C{-1 =C{01357,.}
Now, the term 1 isthe first to be reduced and it is0 to sum {1,2,4,6,8,...} within

order to reduce 1, giving the third row of the table:
{1,2,4,6,8,...}+0={1,2,4,6,8,...}

C{12.4,68..} ¥ C{-10) =C{12468.} *(c{-3 Acgg) =

=C{12468,.} *Ci-1 A Cr12468.) *Clop =C{01357..3 A C{1.2468,.) =
=C{0,2,3456,7.8,...}

We have after reducing 1, that the first term to be reduced is 2. Because

{1,2,4,6,8,...}+1={2,3,5,7,9,...}
giving the fourth row of the table, there results:

C{12.4,68..} ¥ C{-101 =C{12468.} " (Cf-10 Acpyy) =
=C{12468..} *C{-10 A Cr12468,.} *Cq1y =
=C{0,2,3456,7.8,...} A €{2,357,9,..} =C€{0,468,..}
6.2  Example 2 The function
X(t) =cog (1)
has two inverses, accordingly to the tables:

*10 1 * 10 1
0/o0 1 “1]-1 0
111 2 S20-2 -1
2|2 3 23/-3 -2
3|3 4 S4|-4 -3
table 6.2 a table 6.2 b

X{H(t) = (o123, (1)
Xél(t) =C{-1-2-3-4,.}(

6.3  Theway that the inverses were constructed in the previous example gives the
following conclusions:

a) xi Bi Loc hasaninverse. If supp x issuperiorly unbounded, then thisinverseis
unique and it belongs to B; | o¢
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a)* xI BgLoc hasaninverse. If supp x isinferiorly unbounded, then thisinverseis
unique and it belongsto Bg | o -

b) X1 Iy =B Loc UBs Loc, X d may havetwoinverses: x; 1T B; | o inverts x as
afunction from B; | o and it has a superiorly unbounded support, whilst xélT BsLoc
inverts x asafunction from Bg | o and it hasan inferiorly unbounded support.

x =d has exactly oneinverse, whichis d itself.

6.4 A function x with the property that (a,b) I supp x does not have an inverse relative
to the convolution product. We state the problem of proving that if there exists a convergent
real sequence t,, ® t,t,,1 supp x then x does not have an inverse relative to the

convolution product.
7. The Behavior of the Convolution Product Relative to the Derivation Oper ator

7.1 Let us consider the (finite or infinite, strictly increasing locally finite) families
(tn). (t}) satisfying
to <ty <..<tp <.."a<b,(ab) U(t,) isfinite
to <ty <..<tj <.." a<b,(ab) U(t}) isfinite
and the functions (see the notations 2.11)
xt)= X h(t-t,)1 B
n=0,12,...
= _ X dt-t)l BiLe

J_ 1y &y
We have that

x*ym=__X X h7(t- ty - t})
j=012,..n=012,..

has left limit (see 2.10, 4.8) and

D™ (x*y)t)= X X d(t-t,-t:)=(D" x*y)t)] B
(CO=_ XX At - 1) =(07 X" VO Birec

(x* y)(®) =(x* D" y)(t)
7.2 Under the previous assumptionson (t,,) and (t'j ), for
Xt)y= X h7(t-tg)
n=012,...
y = X hi(-t))
j=0,1,2,...
itistrue (x* y doesnot exist):
O x*NH=(x*D YMO= X X h'(t-ty-t))
j=012,..n=0,1,2,...

8. Conclusions

Our purpose was to define and characterize the pseudobool ean convol ution product.
The most interesting open problems that were stated are probably related to the existence of
the convolution product and to the existence and construction of the inverse.
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