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Morphisms and antimorphisms of Boolean

evolution and antievolution functions

Serban E. Vlad

Abstract

The Boolean evolution and antievolution functions model the
asynchronous circuits from electronics. Our purpose is to intro-
duce their morphisms and antimorphisms.

Keywords: Boolean function, morphism, antimorphism,
evolution function, antievolution function

We denote B = {0, 1} the binary Boole algebra and N = {−1, 0, 1, ...}.
Let Φ,Ψ, h, h′ : Bn → Bn, for which we define ∀i ∈ {1, ..., n},∀ν ∈

Bn,∀µ ∈ Bn,Φν
i (µ) =

{
µi, if νi = 0,

Φi(µ), if νi = 1
. If ∀ν ∈ Bn, ∀µ ∈ Bn,

h(Φν(µ)) = Ψh′(ν)(h(µ)), we say that the morphism (h, h′) is defined,
from Φ to Ψ and if ∀ν ∈ Bn,∀µ ∈ Bn, h(µ) = Ψh′(ν)(h(Φν(µ))), we
say that the antimorphism (h, h′)∼ is defined, from Φ to Ψ. The sets
of the morphisms and of the antimorphisms from Φ to Ψ are denoted
withHom(Φ,Ψ), Hom∼(Φ,Ψ).We denote Π̂n = {α|α : N −→ Bn,∀i ∈
{1, ..., n}, {k|k ∈ N, αki := αi(k) = 1} is infinite}. The functions Φ̂, Φ̂∼

given by Bn × N × Π̂n 3 (µ, k, α) 7−→ Φ̂α(µ, k), Φ̂∼α(µ, k) ∈ Bn,

Φ̂α(µ, k) =


µ, if k = −1,

Φα0
(µ), if k = 0,

(Φαk ◦ Φαk−1 ◦ ... ◦ Φα0
)(µ), if k ≥ 1

, Φ̂∼α(µ, k) =


µ, if k = −1,

Φα0
(µ), if k = 0,

(Φα0 ◦ Φα1 ◦ ... ◦ Φαk
)(µ), if k ≥ 1

are called evolution and anti-

evolution function and they model the asynchronous circuits, respec-
tively the time reversed asynchronous circuits. We have by definition
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the orbit Ôr
α

Φ(µ) = {Φ̂α(µ, k)|k ∈ N } and the omega limit set
ω̂αΦ(µ) = {λ|λ ∈ Bn, {k|k ∈ N , Φ̂α(µ, k) = λ} is infinite} and simi-

larly for Φ̂∼. For α : N −→ Bn we also define ĥ′(α) : N −→ Bn by
∀k ∈ N, ĥ′(α)k = h′(αk) and Ωn = {h′|ĥ′(Π̂n) ⊂ Π̂n}. Our purpose is
to introduce the morphisms and the antimorphisms of evolution and
antievolution functions.

Definition 1. We consider the functions Φ,Ψ, h, h′ : Bn −→ Bn and
we suppose that h′ ∈ Ωn. We say that the couple (h, h′) is a morphism
from the evolution function Φ̂ to the evolution function Ψ̂, denoted
by (h, h′) : Φ̂ −→ Ψ̂, if ∀µ ∈ Bn,∀k ∈ N , ∀α ∈ Π̂n, h(Φ̂α(µ, k)) =

Ψ̂ĥ′(α)(h(µ), k); (h, h′) is a morphism from the antievolution function
Φ̂∼ to the antievolution function Ψ̂∼, denoted by (h, h′) : Φ̂∼ −→ Ψ̂∼,

if ∀µ ∈ Bn, ∀k ∈ N ,∀α ∈ Π̂n, h(Φ̂∼α(µ, k)) = Ψ̂∼ĥ′(α)(h(µ), k). We
denote withHom(Φ̂, Ψ̂), Hom(Φ̂∼, Ψ̂∼) the previous sets of morphisms.

Theorem 1. We get Hom(Φ̂, Ψ̂) = Hom(Φ̂∼, Ψ̂∼) = {(h, h′)|(h, h′) ∈
Hom(Φ,Ψ) and h′ ∈ Ωn}.

Theorem 2. For Γ : Bn → Bn, we have (h, h′) ∈ Hom(Φ̂, Ψ̂), (g, g′) ∈
Hom(Ψ̂, Γ̂) =⇒ (g◦h, g′◦h′) ∈ Hom(Φ̂, Γ̂) and (h, h′) ∈ Hom(Φ̂∼, Ψ̂∼),

(g, g′) ∈ Hom(Ψ̂∼, Γ̂∼) =⇒ (g ◦ h, g′ ◦ h′) ∈ Hom(Φ̂∼, Γ̂∼).

Definition 2. The morphism (g ◦ h, g′ ◦ h′) is by definition the com-
position of (g, g′) and (h, h′) and its notation is (g, g′) ◦ (h, h′).

Theorem 3. Let (h, h′) ∈ Hom(Φ̂, Ψ̂), (g, g′) ∈ Hom(Φ̂∼, Ψ̂∼).

Then ∀µ ∈ Bn,∀α ∈ Π̂n, h(Ôr
α

Φ(µ)) = Ôr
ĥ′(α)

Ψ (h(µ)), g(Ôr
∼α
Φ (µ)) =

Ôr
∼ĝ′(α)

Ψ (g(µ)), h(ω̂αΦ(µ)) = ω̂
ĥ′(α)
Ψ (h(µ)), g(ω̂∼α

Φ (µ)) = ω̂
∼ĝ′(α)
Ψ (g(µ)).

Theorem 4. For any µ ∈ Bn and any α ∈ Π̂n, if Φ̂α(µ, ·) is pe-
riodic, with the period p ≥ 1 : ∀k ∈ N , Φ̂α(µ, k) = Φ̂α(µ, k + p)

and (h, h′) ∈ Hom(Φ̂, Ψ̂), then Ψ̂ĥ′(α)(h(µ), ·) is periodic with the
period p; if we suppose that Φ̂∼α(µ, ·) is periodic, with the period
p ≥ 1 : ∀k ∈ N , Φ̂∼α(µ, k) = Φ̂∼α(µ, k+p) and (h, h′) ∈ Hom(Φ̂∼, Ψ̂∼),

then Ψ̂∼ĥ′(α)(h(µ), ·) is periodic with the period p.
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Morphisms and antimorphisms

Theorem 5. Let µ ∈ Bn and we suppose that Φ(µ) = µ. If
(h, h′) ∈ Hom(Φ̂, Ψ̂), then Ψ(h(µ)) = h(µ) and ∀α ∈ Π̂n, ∀k ∈
N , Ψ̂ĥ′(α)(h(µ), k) = h(µ); if (h, h′) ∈ Hom(Φ̂∼, Ψ̂∼), then Ψ(h(µ)) =

h(µ) and ∀α ∈ Π̂n, ∀k ∈ N , Ψ̂∼ĥ′(α)(h(µ), k) = h(µ).

Definition 3. We ask that h′ ∈ Ωn. We say that the couple
(h, h′) is an antimorphism from Φ̂∼ to Ψ̂, denoted (h, h′)∼ :
Φ̂∼−→Ψ̂ or simply (h, h′)∼, if ∀µ ∈ Bn, ∀k ∈ N , ∀α ∈ Π̂n, h(µ) =

Ψ̂ĥ′(α)(h(Φ̂∼α(µ, k)), k) and (h, h′) is by definition an antimorphism
from Φ̂ to Ψ̂∼, denoted (h, h′)∼ : Φ̂−→Ψ̂∼ or (h, h′)∼, if ∀µ ∈ Bn,∀k ∈
N , ∀α ∈ Π̂n, h(µ) = Ψ̂∼ĥ′(α)(h(Φ̂α(µ, k)), k). We use the notation
Hom∼(Φ̂∼, Ψ̂), Hom∼(Φ̂, Ψ̂∼) for the previous sets of antimorphisms.

Theorem 6. We get Hom∼(Φ̂∼, Ψ̂) = Hom∼(Φ̂, Ψ̂∼) =

{(h, h′)∼|(h, h′)∼ ∈ Hom∼(Φ,Ψ) and h′ ∈ Ωn}.

Theorem 7. a) (h, h′)∼ ∈ Hom∼(Φ̂∼, Ψ̂), (g, g′)∼ ∈ Hom∼(Ψ̂, Γ̂∼) =⇒
(g ◦ h, g′ ◦ h′) ∈ Hom(Φ̂∼, Γ̂∼), b) (h, h′)∼ ∈ Hom∼(Φ̂, Ψ̂∼), (g, g′)∼ ∈
Hom∼(Ψ̂∼, Γ̂) =⇒ (g ◦h, g′ ◦h′) ∈ Hom(Φ̂, Γ̂), c) (h, h′) ∈ Hom(Φ̂, Ψ̂),

(g, g′)∼ ∈ Hom∼(Ψ̂, Γ̂∼) =⇒ (g ◦ h, g′ ◦ h′)∼ ∈ Hom∼(Φ̂, Γ̂∼), d)
(h, h′) ∈ Hom(Φ̂∼, Ψ̂∼), (g, g′)∼ ∈ Hom(Ψ̂∼, Γ̂) =⇒ (g ◦ h, g′ ◦ h′)∼ ∈
Hom∼(Φ̂∼, Γ̂), e) (h, h′)∼ ∈ Hom∼(Φ̂∼, Ψ̂), (g, g′) ∈ Hom(Ψ̂, Γ̂) =⇒
(g ◦ h, g′ ◦ h′)∼ ∈ Hom∼(Φ̂∼, Γ̂), f) (h, h′)∼ ∈ Hom∼(Φ̂, Ψ̂∼), (g, g′) ∈
Hom(Ψ̂∼, Γ̂∼) =⇒ (g ◦ h, g′ ◦ h′)∼ ∈ Hom∼(Φ̂, Γ̂∼) hold.

Definition 4. In a), b) the morphism (g ◦ h, g′ ◦ h′) is by definition
the composition of the antimorphisms (g, g′)∼ and (h, h′)∼ and its
notation is (g, g′)∼ ◦ (h, h′)∼. In c), d) the antimorphism (g ◦h, g′ ◦h′)∼
is by definition the composition of the antimorphism (g, g′)∼ with the
morphism (h, h′) and it has the notation (g, g′)∼ ◦ (h, h′). Similarly for
(g ◦ h, g′ ◦ h′)∼ denoted (g, g′) ◦ (h, h′)∼ from e), f).

Theorem 8. Let the functions Φ,Ψ : Bn −→ Bn and the antimor-
phisms (h, h′)∼ ∈ Hom(Φ̂∼, Ψ̂), (g, g′)∼ ∈ Hom(Φ̂, Ψ̂∼); ∀µ ∈ Bn, ∀α ∈

Π̂n, we have ∀ν ∈ Ôr
∼α
Φ (µ), h(µ) ∈ Ôr

ĥ′(α)

Ψ (h(ν)), ∀ν ∈ Ôr
α

Φ(µ), g(µ) ∈
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Ôr
∼ĥ′(α)

Ψ (g(ν)),∀ν ∈ ω̂∼α
Φ (µ), h(µ) ∈ ω̂

ĥ′(α)
Ψ (h(ν)), ∀ν ∈ ω̂αΦ(µ), g(µ) ∈

ω̂
∼ĥ′(α)
Ψ (g(ν)).

Theorem 9. Let µ ∈ Bn with Φ(µ) = µ. If (h, h′)∼ ∈ Hom∼(Φ̂∼, Ψ̂),

then Ψ(h(µ)) = h(µ) and ∀α ∈ Π̂n,∀k ∈ N , Ψ̂ĥ′(α)(h(µ), k) = h(µ)
hold; if (h, h′)∼ ∈ Hom∼(Φ̂, Ψ̂∼), then Ψ(h(µ)) = h(µ) and ∀α ∈
Π̂n, ∀k ∈ N , Ψ̂∼ĥ′(α)(h(µ), k) = h(µ) are true.

Remark 1. The next sets Hom(Φ̂∼, Ψ̂), Hom(Φ̂, Ψ̂∼), Hom∼(Φ̂, Ψ̂),
Hom∼(Φ̂∼, Ψ̂∼) are defined like in Definition 1 and Definition 3.
We can prove that Hom(Φ̂∼, Ψ̂) = Hom(Φ̂, Ψ̂∼), Hom(Φ̂∼, Ψ̂) ⊂
Hom(Φ,Ψ), Hom(Φ̂∼, Ψ̂) ⊂ Hom(Φ̂, Ψ̂), Hom∼(Φ̂, Ψ̂) =
Hom∼(Φ̂∼, Ψ̂∼), Hom∼(Φ̂, Ψ̂) ⊂ Hom∼(Φ,Ψ), Hom∼(Φ̂, Ψ̂) ⊂
Hom∼(Φ̂∼, Ψ̂). These morphisms and antimorphisms are not induced
by morphisms (h, h′) ∈ Hom(Φ,Ψ) and antimorphisms (h, h′)∼ ∈
Hom∼(Φ,Ψ), i.e. theorems like 1 and 6 are false.

At the same time we notice, as a conclusion, in which manner the
morphisms and the antimorphisms keep the orbits, the omega limit
sets, periodicity and the fixed points.
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