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In the paper 'Pseudo-Boolean Field Lines' presented by the author at the National Conference
on Geometry and Topology in Timisoara, October, 1989, there were introduced the
differential equations of the asynchronous automata, i.e. a model for the behavior of the
Boolean circuits. The present work enlarges the mathematical frame of the context by
studying the pseudo-boolean derivatives and integrals.

1. Preliminaries

11 B, :{O,l,A, % isthe binary Boole algebra, where ‘A" isthemodulo 2 sumand ':' isthe
product. It has the discrete topology, i.e. each subset is open.

1.2 For some function x: R® By, the support set of x isdefined by
supp x ={t|x(t) =1

1.3A real setringisaset R of subsetsof R which is closed under the symmetrical
difference ' D' and under the intersection ' U'. The neuter element is &l R.

For example, theset R¢ of the finite subsetsof R isarea set ring.

1.4 There are defined the elementary functions d,h,h* : R® B,

iLt=0 .
dit) =i AR
10t 0

iLt3 0 .
h(t) =i iR
10,t<0
iLtEO .
h*(t) ={ 't
10,t>0

the function my : R ® B,
iLif [Alisodd .
me (A ={ _. _ , Al
10,if | Aliseven

and, forsome EI R
_iLif $x1 E, x(x) =1

UJx) =] (the reunion)
xi E 10 else
10,if $xT E, =0 . _
(x(x) = : I $x X(x) (the intersection)
L il else

If EUsupp xI Rs , then it is also defined



X x(x) =my (EUsupp X) (the modulo 2 summation)
Xl E

1.5 For the sequence x: N ® B,, X, =x(n) and x01 B>, we have the convergence
lim X, =x%0 $NT N," n3 N, X, =x0
n® ¥
1.6 For x: R® B,, there are defined the left x(t- 0) andthe right x(t+0) limitsof x in
tT R by i
$e>0," xI (t- et),x(x) =x(t- 0)
$e>0," xI (t,t+e),x(x) = x(t+0)

1.7 Forany x:R® B,, there are defined the inferior x(t - 0) and the superior x(t- 0) left
limtof xint by
X(t- 0= [x(x)
Xl (t-0;t)
xt- 0= [Jxx)
xl (t- O;t)
(the previous left limits from the right hand terms always exist). We have:
X(t-0)=x(t-0) b x(-0)=x(t-0)=x{t-0)
and similarly for the right limits.

There are obviously defined the functions with left limit, respectively with right limit
(in t) and the (inferior, superior) left, respectively right limit functions.

1.8Let cp:R® B, bethecharacteristic function of Al R.Thenfor x,y: R® B, there
aretrue:
X= Csupp x
xA Y =Csuppx D suppy
XY = Csupp xUsupp y

1.9 There are defined the symmetrical intervals:
[[a,b)) =[a,b) U[b,a)
((a,b]] =(a,b]U(b,a], a,bT R

2. Derivatives

2.1 For x: R® B, there are defined the inferior left derivative Dx(t) , the superior left
derivative Dx(t) and the left derivative Dx(t) of X in t by:
Dx(t) = x(t- 0)A x(t)
Dx(t) = x(t- 0)A x(t)
Dx(t) = x(t - 0) A x(t)
There are obviously defined the left and the right derivable functions (in t),
respectively the (inferior, superior) left and right derivative functions.
2.2 Remark We have two kind of dualities here: one coming from B, (], (i.e. inferior

and superior, uﬁ ) and the other coming from R, <, > (i.e. leftand right, ( ), ( )*).
For economy, we shall not define all the notions when we shall consider that they result from



the context. For example, in this moment we shall only indicate the notations D*,D*,D* for
the right derivatives.

2.3 Propositiona) d,h,h*,c areleft derivable and right derivable, where ¢ isthe constant
function and
Dh(t) =Dd(t) = d(t)
D*h*(t) =D*d(t) =d(t)
Dh*(t)=D*h(t) =Dc(t)=D*c(t) =0
b) Dex(t) = cDx(t), Dex(t) = cDx(t)
forany x:R® B, andif x,y areleft derivable, then xA y and xy areleft derivable and
D(xA y)(t) = Dx(t) A Dy(t)
D(xy)(t) = x(t) Dy(t) A y(t) Dx(t) A Dx(t) Dy(t)
c) If x isleft derivable, then Dx isleft derivable and
DDx(t) = Dx(t)
If X isleft derivableand Dx isright derivable, then
D * Dx(t) = Dx(t)

3. Integrals Relative to Boolean M easur es

3.1 Thefunction x: R® B, iscaled R-integrable, or R-measurable(on Al R), if
supp xT R (if AUsupp xT R), where R isared set ring.
3.2 A Boolean measure on therea setring R isafunction m:R® B, satisfying the
condition: for any sequence of sets A, 1 R,nT N, if
ntmp A,UA,=/A&
and
U A TR
nl N #n
then
{n|nT N,m(A,) =1} isfinite
and
U = X
I’r(nT N #n) nl NW(An)
For R=R¢,m; isan example of Boolean measure.

3.3Let x:R® B, be R-integrableon A and m:R® B, a Boolean measure. The number

OXDm=n{AU supp x)
A
iscaled the integral of x on A relativeton.

34TheoremLet R bearea setring, m:R® B, aBoolean measure, Al R and
X, Y:R® By.
alf A=/ or x(t)=0,tT R,then x is R-integrableon A and

OOM=m/) =0
A

b) If x,y are R-integrableon A, then xA y is R-integrableon A and



(xA y)Dm= xDmA &yDm
A A A
Asasgpecia case, if x=y - ae. thaisif

n{tIx@®* y()})=0

then
OXDm= yDm
A A
c)Let Bl R.If xis R-integrableon A and B, thenitis R-integrableon AD B
and

@(DmA OPm= xDm
A B ADB

4. Boole-Stieltjes Integrals

41Let al b.Adivisionof [[a,b)) or ((a,b]] isaset
d,:mn( ab) =ty <t; <..<t,=max(a,b),n31
and the norm of the division is the real number n(d,) given by

n(dn) = max_(tj+1 - )
i=0,n-1

A sequence of divisions (d,,) n31 isafamily of divisions that satisfy
dyl dpsq,n31
We say about (dj,)pzq that n(d,) ® O when n® ¥ if
"e>0,$NT N,n3 Np n(d,) <e

4.2TheoremLet [[a,b)) and x,y: R® B,. The next statements are equivalent:
a) Theintegral sum
n-1 '
Sgn (Y= X Uxai)qy) A (yexi)
Xil I ti+1) Xil (i +1)
satisfies the property that for any sequence (d,) 34 of divisonsof [[a,b)) with n(d,) ® O
when n® ¥ | it converges(as N ® B, sequence) to alimit that does not depend on
(dn)n31
b) [[a b)) Usupp x Usupp D* yT Ry

4.3 In any of the above situations, X is called inferiorly left Boole-Stieltjes integrable on
[[a,b)) relativeto y and the number

b
OD*y= lm sq,(xy)=m([ab) UsuppxUsupp D*y) =  xD* yDmy
a n(dp)® 0 [[a,b))

isthe inferior left Boole-Stieltjes integral of x on [[a,b)) relativeto y . By definition

a

OxD*y=m; () =0
a

Similarly, there are defined:



_ -1 .
a0y = X Uxo)HyeDA Uy

=051 [t ti+1) xiT (% i +1)
b
OD*y= lm sdy(xy)=m ([ab)) Usupp xUsupp D*y) = (D * yDmy
a n(dp)® 0 [[a,b))
* n-1 .
sa,(x¥) =X [JxOi)(yxi)A - [yxi)
1=0,.7 /1. . O
Xil (t ti+1l xil (t Xi)
b« .
0 XQy= lm sq, (xy)=my (@bl Usupp xUsupp Dy) = oxDyDmMy
a n(dp)® 0 (a,b]]
—* n-1 .
sdp(6y)= X Uxei)Xyexi)A - [Jvxp)
1=0,.7 /4. +. "
Xil (tj tj+1l xil (tj, %)
b * _ _* _ _
0 XPy= lm sd,(xy)=m (((ab]] Usipp xUsupp Dy) = (xDyDmy
a n(dp)® 0 (ab]]
4.41f
[[a b)) Usupp x Usupp D* y =[[a,b)) Usupp x Usupp D* yT Ry
b
then their common value is written [[a,b)) U supp x Usupp D* y and we note OD*y for
a
that integral where the attributes inferior and superior are missing.
4.5 The integral sums
n-1 .
Sgp@X¥ =X |J )A  []x(x)
'O il [t +1) xil (% ti+1)
_ n-1
g, (=X [Jx(xi)
=05l [ ti+2)
give the inferior left Boole-differential integrals and the left Boole-Riemann integrals:
b
CP* x=m;([[a,b) Usupp D* X) = P * xDmy
a [[a,b)

b
O<=m ([[a,b)) Usupp x) = (D
2 [fa.b))

4.61f the N ® B, sequence
n

ap =OxD*y

a



¥
hasalimit when n® ¥ , then the limit will be noted (xD* y etc.
a

4.7 Theorem The next statements are true:
a) If x isinferiorly left integrable relativeto y on [[a,b)) thenitisaso inferiorly left
integrablerelativeto y on [[b,a)) and

b a
OD*y=QxD*y
a b

b) Let the function X inferiorly left integrable relativeto y on [[a,b)) . Thenitis
inferiorly left integrable relativeto y onany [[a',b")) 1 [[a,b)).

) If x; and x, areinferiorly left integrable relativeto y on [[a,b)) , then x; A x5 is
inferiorly left integrable relativeto y on [[a,b)) and the integra is additive:

b b b
X Ax)D*y=c)D*yA OpoD*y
a a a

d) If x isinferiorly left integrable relativeto y on [[a,b)) and [[b,c)), thenitis
inferiorly left integrablerelativeto y on [[a,c)) ad

b c c
OXD* yA OxD* y=(xD*y
a b a

€) Let thefunction x beinferiorly left integrable relativeto y on [a,b),b>a. The
functions
at+e b
j(@= OxD*y.y(e)= xD*y
. a b-e
exist for el (0O,b- a), they have aright limit in the origin and
a+0
OxD*y =x(@)D* y(a)
a
b

oD*y=0
b-0
f) Inasimilar way to €), let us suppose that the function x isinferiorly left integrable
relativeto y on [a,b) and a<b. The functions
b b-e
j(@= oD*y.y@E)= xD*y
~ ate a
are defined for el (0,b- a) and they have aright limit in the origin. There hold
b b
OXD*y =D * yA x(a)D* y(a)
a+0 a
b-0 b

OxD*y=0xD*y
a a



g) If x isleftintegrableon [[a,b)) relativeto y; and y,,then x isleft integrable on
[[a,b)) relativeto y; Ay, anditistrue

b b b
OXD*y1 A (XD * y, = OXD* (y1 A )
a a a

h) Let us suppose that x,y haveright limitson [a,b) and that the sets
[a,b) Usupp D* (xy)
[a,b) Usupp D* xUsupp D* y
[a,b) Usupp x Usupp D* y
[a,b) Usupp D* x Usupp y
are finite. In this situation, the next formulais true:
b b b b

P*(xy)A P *xD* y=cxD* yA cyD* x
a a a a

4.8 A function h:[[a',b")) ® [[a,b)) iscaled right continuous if for any t =h(t') and any
e>0, there exists €>0 with the property that
h((t',t+e)) I (t,t+e)
If h isahijection and hh! are right continuous, then it is called right
homeomor phism.

4.9 Theorem Let x beleftintegrableon [[a,b)) relativeto y and the right homeomorphism
bl
h:[[a',b")) ® [[a,b)) . Thentheintegral (fx-h)D*(y-h) existsand
a
b b'
OD* y= xoh)D*(yoh)
a a'
4.10 If we note with
Xt () = x(t- t)

then it is true
b
Ol =h(t- @) A h(t - b) =cpra ) (1)
a
b
411 Intheintegral (), let usput a =a aparameter and b=t thereal variable. The R® B,
a
function

t
ox(®) = 0Ox
a
iscaled the left primitive of x. We say that x has a left primitive
4.12 Thefunction x has aleft primitive if it is of the form
X(t) = X d(t-1i)
il



wherefor any a<b, theset (a,b) Ul isfinite. As aspecia case, for | =/, the null function
has a left primitive.
Any two left primitivesof x differ by a constant.
4.13 The formula of Leibniz-Newton istrue: if x has aleft primitive then for any a,bl R, x
is left Boole-Riemann integrable on [[a,b)) and we have
b

O¢= 0@ A ¢x(b)
a

4.14 Let us suppose that x has a left primitive; then its left primitive is left derivable and
right derivable and we have:

Dox(t) =0, D* ox(t) = x(t)
4.15 Let x with left limits and right limits. Then the functions Dx and D* x have left
primitives and right primitives ard
oP* X(t) A c‘)* Dx(t) = x(t)A c,cl B,
416 Let X, y: R® By, where x hasafinite support and y has left limits and right limits.

Then the function
¥

h()= Oty
-¥
is defined and has left limits and right limits.
Bibliography

[1] N. Boboc, Gh. Bucur, Masura si capacitate (Measure and Capacity, in Romanian), ed. St.
s enciclopedica, Bucuresti, 1983

[2] A. Precupanu, Analiza matematica, functii reale (Mathematical Analysis, Real Functions,
in Romanian), ed. Didacticas pedagogica, Bucuresti, 1976



