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Abstract

The asynchronous flows are given by Boolean functions @ : {0,1}"™ — {0, 1}" that
iterate their coordinates @4, ..., ®,, independently on each other. In the study of the
asynchronous sequential circuits, the situation when multiple coordinates of the state
can change at the same time in called a race. When the outcome of the race affects
critically the run of the circuit, for example its final state, the race is called critical.
To avoid the critical races that could occur, @ is specified in general so that only one
coordinate of the state can change; such a circuit is called race-free and we also say that
® fulfills the technical condition of proper operation. We formalize in this framework
the technical condition of proper operation and give its generalization, consisting in
the situation when races exist, but they are not critical.
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1. Introduction

The asynchronous circuits from electronics are modelled by Boolean functions ¢ :
B™ — B” that iterate their coordinates ®1, ..., ®,, in arbitrary discrete time, indepen-
dently on each other. As in this paper there is no bound on the duration of an iteration, we
use the unbounded delay model of computation of the Boolean functions. The uncertainties
related to the behavior of the circuits and their models are generated by technology and also
by temperature variations and voltage supply variations.

In order to understand the dynamics of these systems we give the example of the func-
tion ® from Table 1, whose state portrait was drawn in Figure 1 (we have adopted the
terminology of state portrait, by analogy with the phase portraits of the dynamical systems
theory; such drawings are usually called state transition graphs in engineering).

In Figure 1, the arrows show the increase of time. We have underlined in the tuples
(1, 2, p3) € B3 these coordinates, called unstable (or excited, or enabled), for which
wi # ®;(p),i € {1,2,3}; these are the coordinates that are about to switch, but the time
instant and the order in which these switches happen are not known.
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Table 1. An example

(1, 2, p3) D (a1, 2, p3)
(0,0,0) (0,1,1)
(0,0,1) (0,1,1)
(0,1,0) (0,1,0)
(0,1,1) (1,1,1)
(1,0,0) (0,0,0)
(1,0,1) (1,0,1)
(1,1,0) (1,0,0)
(1,1,1) (1,1,0)

(O Q;Q) (17070) (1707]‘)
(0,0,1) (0,1,0) (1,1,0)
(0,1,1) (1,1,1)

Figure 1. Dependence on the order in which @, ®5, $3 are computed.

(1,0,1) is an isolated fixed point (a fixed point is also called equilibrium point,
or rest position, or final state), where the system stays indefinitely long. The transi-
tion (0,1,1) — (1,1, 1) consists in the computation of ®;(0,1,1); even if we do not
know when it happens, we know that it happens and the system, if it is in (0,1,1),
surely gets to (1,1, 1) sometime. And the transitions (1,1,1) — (1,1,0),(1,1,0) —
(1,0,0),(1,0,0) — (0,0, 0) are similar. The interesting behavior is in (0, 0, 0); since if
®3(0,0,0) is computed first, or if ®2(0,0,0), 3(0,0,0) are computed at the same time,
the system gets to (0, 1, 1) sometime; but if ®2(0,0,0) is computed first, then the state
(0,1, 0) is reached and, as it is a fixed point of @, the system rests there indefinitely long.

The circuit suggests the problem of finding classes of Boolean functions ¢ -identified
with the asynchronous systems- where, even if we do not know the time instants and the
order in which their coordinates are computed, we know that i, ®(u), (Po®)(u), (Podo
®) (), ... are computed sometime, in this order. Thus the behavior of the systems that we
are looking for reproduces in a certain way the behavior of the dynamical systems (in its
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discrete time, Boolean version), and this is considered to be ’nice’, in a framework with
many unknown parameters. The purpose of the paper is to define and characterize this
situation, called the generalized technical condition of proper operation.

The technical condition of proper operation was known for many years by the theoreti-
cians in switching circuits [6], perhaps with different names. We have also gathered useful
intuition in this direction from many engineering sources such like [2], [8]. Another biblio-
graphical direction is the one represented by the dynamical systems theory such as [1], [3],
[4], [5]. An introduction in asynchronous systems may be found in [7].

We denote in the following with B the Boolean algebra with two elements, i.e., the set
{0,1} endowed with the complement ' — | the intersection’ - ’, the union '/, and the
modulo 2 sum’ @&’ . These laws induce laws denoted with the same symbols on B™ where
they act coordinatewise.

2. Flows

Definition 1. For ® : B” — B" and A\ € B", we define the function ® : B» — B"
byVu e B", Vi e {1,...,n},

Ay Miyif Ai =0,
7w = { Qi(p),if Xy = 1.

Definition 2. The sequence o : {0,1,2,...} — B", whose terms are denoted in gen-
eral with o (instead of a(k)), is called progressive if Vi € {1,...,n}, the set {Ak|l<: €
{0,1,2, ...}, ¥ = 1} is infinite. The set of the progressive sequences is denoted by T1,,.

Definition 3. The flow ®*(y,-) : {—1,0,1,...} — B" is defined by ®*(yu, —1) = p, and
VE > —1,0%(u, k+1) = <I>ak+1(<1>a(,u, k)). ® is called the generator function, and y is

called the initial (value of the) state.

Remark 4. Here are the explanations related with the previous definitions. Unlike ® that
is computed on all its coordinates (at the same time), ®* is computed on these coordinates
only where \; = 1. <T>a(,u, -) represents the evolution of a state function starting from ji, that
is given by the iterations of ®;, made independently on each other, at time instants and in an
order indicated by the terms of o.. The fact that o is progressive shows that any coordinate
is computed infinitely many times. And the fact that the processes that are modelled by these
flows are influenced by unspecified parameters (such as technology, temperature, voltage
supply) included indirectly in the model by «, is handled under the form: we are interested
in special classes of functions ® so that we can study properties of </ISO‘(,u, -) that hold for
all p € B" and all o € 11,,.

3. The Technical Condition of Proper Operation

Notation 5. We denote by c* € B™ the tuple ¢ = (0, ..., 1,...,0),i € {1, ...,n}.
(]
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(0,0) = (0,1) — (L, 1) (1,0)

Figure 2. Function that fulfills the technical condition of proper operation.

Figure 3. Function that fulfills the technical condition of proper operation.

Remark 6. B" is a linear space over the field B; the sum of the vectors is made coordi-
natewise Vi € B", V' € B,

(11, oes ) © (B s i) = (1 @ oy i © i)

and the multiplication with scalars from B is made coordinatewise too. ' are the vectors
of the canonical basis of B". Note that the sum p & y' shows which are the coordinates
of w, i that differ (1; @ p; = 1) and which are the coordinates of y, ;' that are equal

(1 © i = 0).

Definition 7. The function ® is said to fulfill the technical condition of proper operation
if Vu € B", one of the following properties is true:

(p) = u, (1)
Jie{l,..n},®(u)=pae. )

Example 8. The identity 1g~» : B" — B” fulfills the technical condition of proper oper-
ation, since all € B™ are fixed points of 1gn.

Example 9. The function from Figure 2 fulfills the technical condition of proper operation.

Example 10. The function ® from Figure 3 fulfills the technical condition of proper oper-
ation too.

Example 11. The function ® from Figure 4 does not fulfill the technical condition of proper
operation, since ®(1,1) = (0,0).
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(07 1)<_ (la l)_> (07 1)

(0,0)

Figure 4. Function that does not fulfill the technical condition of proper operation.

4. Dynamics under the Technical Condition
of Proper Operation

Theorem 12. Let o € I, pu, 1/ € B", ky € {—=1,0,1,..}. If ® fulfills the technical
condition of proper operation and </ISO‘(,u, k1) = ', then one of the following possibilities is
true:

a) ®(y') =y and Vk > kq,

O (1, k) = p = ®(');
b)i € {1,...,n} exists such that ®(p') = i’ © &' and either
(kg +1) = @t = D),
or ko > k1 + 2 exists with
O ky 1) = o = D (p, by — 1) = 1,
(1, k) = i D e = D(u).

Proof. a) If ®(;/) = 4/, then for any A\ € B™ we have ®*(p/) = 1/, thus

(k1) = (k) = B () =

and the required property is proved by induction on k£ > kj.
b) Forany A € B",j € {1,...,n} we have

O} =y if N =151,
thus (1) = i/ ® A - €' As a € I, implies {k|k > k1 + 1, af =1} # @, we denote
ky = min{k|k > k1 + 1,0F =1}

and we have the following possibilities.
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Case ko = k1 + 1, when

k1+1(

B (1, iy + 1) = (B (1, ky)) = 0 () = pl @ T = @ e

Case ko > k1 + 2, when

k1+1(

B, by + 1) = B (@ (1, hy)) = @ () = @ T =

EI;O‘(,u, k‘g — 1) = <I>ak271(</1\>a(,u, k‘g — 2)) = <I>ak271('u/) = 'u/ &) O/.Q_l . gi = 'u/’
B (1, k) = (D% (p by — 1) = 82 (W) =y @ af? &' =yl @ e

Remark 13. The Theorem gives the meaning of the technical condition of proper opera-
tion. In the situation when we do not know the time instant and the order in which the co-
ordinate functions ®1, ..., ®,, are computed, what we surely know is that if@a(,u, ki) =1/,
then, independently on the values = B™ k> ki + 1, some ko > ki + 1 exists such that

O (11, kg) = D(p).

5. The Generalized Technical Condition of Proper Operation

Definition 14. We say that ® fulfills the generalized technical condition of proper opera-
tion if Vu € B",

Ip > 2,31 € {1,..,n}, .., Ji, € {1,...,n}, P(p) =puder & ...0cr =

e A EBP (L, )}, D) = B D Ay - £ B @, - 7). 3)

Remark 15. For any p, the generalized technical condition of proper operation refers to
the situation when p and ® (1) differ on p > 2 coordinates, i1, ..., i, then the value ® (1)
is asked to be equal with the value of ® in any intermediate state p & X1 -1 @ ... Ap- glr,
A # (1, ..., 1) that might result by the computation of < p— 1 unstable coordinate functions
;.0 € {i1, ..., 0p}.

Remark 16. The technical condition of proper operation is indeed a special case of the
generalized technical condition of proper operation. This happens since, if p and ®(u)
differ on 0 or 1 coordinates, then the hypothesis of (3) is false and the generalized technical
condition of proper operation is fulfilled.

Example 17. We give in Figure 5 an example of function ® that fulfills the generalized
technical condition of proper operation. Note that in each point w' of the trajectory where
<I>O‘(,u, k1) might be, a subsequent time instant ko > k + 1 exists such that o (1, ko) =
O(u'), i.e.,  is eventually iterated, in an asynchronous way. The most interesting transfer
here is from (0,0, 0) to (0, 1, 1), which can take place in three different ways, as ®3(0, 0, 0)
is computed first, ®5(0,0,0) is computed first, or 5(0,0,0), P3(0,0,0) are computed at
the same time. All the other transfers take place in similar conditions with the technical
condition of proper operation. To be compared with the Example from Figure 1.
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(0,0,0) (1,0,0) (1,0,1)
(0,0,1) (0,1,0) (1,1,0)
(0,1,1) (1,1,1)

Figure 5. Function & that fulfills the generalized technical condition of proper operation.

=

-— (1,0,1)

L (0,0,0)=— (0

= —— O
I>—‘——>©

- (0,1,0)«—(0,1,1) «—(1,1,1)

Figure 6. Function that fulfills the generalized technical condition of proper operation.

Example 18. The function from Figure 6 fulfills also the generalized technical condition of
proper operation.

Example 19. In Figure 7 we give the example of the function ® : B> — B2 Vu € B2,
<I>(1UJ17 /L2) = (mv m)
that does not fulfill the generalized technical condition of proper operation. This is seen

from the counterexample: ®(0,0) = (1,1), but ®(0,1) = (1,0).

6. Dynamics under the Generalized Technical Condition
of Proper Operation
Lemma 20. Let p/ € B",p> 2,0y € {1,...,n},...,ip € {1, ..., n} and we suppose that
() =y @ @ .. Be, )

\V//\Z'l EB,...,\V//\iPEB,/\Z'l '...'/\Z'p =0= (5)
= () =P BN, "D BN, )
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(0,1)——

Figure 7. Function that does not fulfill the generalized technical condition of proper opera-
tion.

are true. Then VA € B", Vv € B", \;, - ... - \;, = 0 implies
DY (1' ® Ny, . i, - z—:i”) =u' ® N\, Uryy) . (Ai, Uvg,) ghp,

Proof. Let A € B" arbitrary such that A;; - ... - A;, = 0 and we consider v € B",j €
{1, ..., n} arbitrary also. We have:

/L;v Zf Vi = 07] ¢ {ilv"'vi;l)}v
) Wy i vy = 0,5 € {it, e iphs \j =
,u;»EBl, ifVJ—OjG{il,.. ipt, /\ —1
<I>j(/‘/@/\i1 "o .. EB/\ zp)’ ifvi=1

QY @ Ny MDD, e

/‘;7 Zf Vj = Ovj ¢ {ila'-'viiﬁ}a

(5) /‘;'7 if Vi = 0,j € {ila "'7i117}7/\j =0,

Wy @1, if vy =0,5 € {ir,iph Aj = 1,
('), if v =1

/‘;7 Zf Vj = Ovj ¢ {ila'-'viiﬁ}a
,u;», if vi =0,j € {i1, ...,’ip}, /\j =0
= ,u;EBl, if vj :0,j6{i1,...,ip},/\j:1,
/‘;7 Zf Vj = 17j ¢ {ila'-'viiﬁ}a
Wy @1, if vp=1,5€ {ir, ..., ip}

/L;’v Zf (V] = 07] ¢ {’il, 7ZP}) or (V] = 07] € {Z.lv 7110}7A] = 0)
= or (Vj =1,J ¢ {ilv "-7ip})7
,u; e 1, ’Lf (I/j =0,j5€ {’il, ...,ip}, /\j = 1) or (I/j =1,5€ {’il, ,’Lp})

thus
V(' BN, e BB, EP) =B (T Ay Uy ) e @ (T, - A, U,) €

= &N\, Uuy,) €10 ... @ (Ai, Uvg,) g,
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Theorem 21. Let o € ﬁn, w, i € B ky € {—1,0,1, A} We suppose that ® fulfills the
generalized technical condition of proper operation and ®(ju, k1) = p'. Then one of the
following situations holds:

a) ®(y') =y and Vk > kq,

O (1, k) = = ®();
b)i € {1,...,n} exists such that ®(p') = i’ © &' and either
O (pky +1) = @t = D),
or ko > k1 + 2 exists with
O, ky 1) = o = D (p, by — 1) = 1

(1, k) = B e’ = D(i);
€) i1y eeyip € {1,...,n} exist, p > 2 such that ®(u') = i/ S e & ... ® ' and either

SNk +1) = B @ =Dy,
or ko > k1 + 2 exists with
Vk € {kl + 17 S k2 - 1}7 ?{;a(luv k) 7é q>(1u/)7

Vk € {k1+1,....ko},Vi € {1,...,n}, X, k) are monotonous,
Oy, ko) = BT B .. D = D(p).

Proof. The items a), b) have already been proved at Theorem 12., we prove c). For A € B"
we have Vj € {1, ...,n},

QM) =<, if Aj=1,5¢ {in, .., ip},
Wy @1, if Nj=1,5 € {i1, .., ip}

thus we can write ' '
M) = DAy e D DN, €
‘We denote

; ki+1 . _ ki+1 _
ki+1, if o] = .=y =1,

ko =<{ min{klk > ki + 1,0 U...Ua¥ =1and.. (©6)
and afle U...U afp =1}, else

and we have the following possibilities.
Case ko = k1 + 1, when

k141 (,u/) _ ,u/ ® af

O (1, ky + 1) = (B, b)) = 0

1 ; k1+1 ;
11+ . €Z1 @ @ alpl+ . Elp
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=y PN D ... e,
Case ko > k1 + 2, when

kq1+1 kq1+1

(P(p, k1)) =@ (W) =y @ T @ @ af e,

kq1+2

% (p, k1 + 1) = &

kq1+2

(ke +2) = B (B, by + 1)) =

Lemma 20.

/ k1+1 i k1+1 ;
(W &ai™ -e”EB...@oziler ')

,U// @ (afll—‘rl U ak1+2) 611 @ @ ( kl—i—l U ak1+2) Eip,

B (1, by — 1) = @ (D% (a, by — 2))

k

— (I)a 2*1(#/ D ( kl—i—l U...u akg 2) 611 D...0 ( kl—i—l U...u akg 2) Eip)

Lemma 20.

/Ll@(afllJrlU...Uaff_l) 1.0 (a lirlU Uozk2 by . g,

O (11, k) = B (B (11, by — 1))
=0 () @ (P UL Ua T e (a BHULL U )

Lemma 20.

/Ll@(afllJrlU...Uaff) E1®..0(a lirlU Uakz)-ei”
6 . .
© Weerd...per.

Moreover, Vk € {k1 + 1,...,ko}, Vi € {1,...,n}, the functions ale U...UaF are

increasing, thus ®§*(u, k) are monotonous. m

Remark 22. The meaning of the generalized technical condition of proper operation as
shown by the previous Theorem is the following. Let us suppose that ®*(p, k1) = . Then,
for any ot o172 € B" (we do not know the time instants when the coordinate
functions ®; are computed), some ko > ki + 1 exists with the property that ®(p, ko) =

D(p').
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